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Abstract 

We prove the embedding of /SO, (3) ISU^{2) and /S'0g(2, 1) ^ ISLf{2,R) 
as *-algebras and give a Hilbert space representation of ISU^{2). 



1 Introduction 

The inhomogenized extensions of a large list of standard quantizied Lie groups 
have been given in ||2|, |3|, ^, ^- They form quantizied versions of the classi- 
cal inhomogeneous groups. For a real deformation parameter q the representation 
theory of the homogeneous parts (e.g. corepresentations of the function algebra) is 
basically the same as for the classical groups, whereas for q root of unity it is com- 
pletely different. The representation theory of the noncommutative function algebra 
however differs for any q 1 from the classical situation. Its relevance stems from 
the question whether a deformation exists on the C*-algebra level. 

In part 2 we recall the properties of inhomogeneous quantum groups. In the 
3rd. part we examine the algebraic embedding of the IS0q{3) into ISU'^%{2) and 
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ISOq{2,l) into ISL^^{2, R). Here the "extended inhomogeneous" quantum algebra 
jQex (designates inhomogeneous quantum algebras containing two sets of coordinate 
functions. 

In the last chapter we examine the representation theory of the ISU'^{2). 

2 The Hopf algebra structure of inhomogeneous quan- 
tum groups 

Quantum groups may be considered to be deformations of the function algebra 
over the corresponding Lie groups. The deformation is given by a parameter qe 
(C which has to be further restricted in order to get special cases of deformations. 
Quantum groups exhibit a Hopf algebra structure. The noncommutative algebra 
structure is controlled by an /?-matrix fulfilling the Quantum Yang-Baxter equation 
= -^23-^12-^23- In this paper we refer to i?-matrices in their standard 
form given in They are defined by their projector decomposition making use 
of the antisymmetrizer A^^^i, the symmetrizer S]^ ki ^-nd the trace projector T^^ oc 
C^^Cki with the metric Cij, existing for the g-orthogonal groups only. 

f.^, ^ \ qS'^ki-q-^A^^ki {lor SLq{N)) 

" 1 qS]^kl - q-^A^ikl + q^-^'fl^kl ( for SOq{N)) ^ ^ 

The algebra relations for the generators M%- of the unital (D -algebra A are: 



R'^fi'M^ j»M' in = M\>M^j,R\^ y,in (2) 

and 



r detM = i^i^e^-'='vM'i,^...M''v,^e;^ ,^ = 1 (5L,(iV)) 
\ CijM'i^M^j, = Cvj,\ (50,(iV)) 

For the unimodularity condition we use the g-antisymmetric tensors tq defined 
in||. 

In order to obtain inhomogeneous quantum groups the set of generators has to 
be enlarged not only by the coordinate functions Xj but by an invertible scaling 
operator w as well. Its existence is required by consistency of the comultiplication. 
The additional algebra relations of the extended Hopf algebra are: 



(i) x'M^k = ^K^imM\x 

(ii) WW = 1 

(iii) wM''j 



MjW 



(iv) wM^j = M^jW 

(v) wx^ = —x^w 

7 



[Vl] wx 



7 i 
— X w 



(4) 



with 
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-V^ ( for SLq{N)) 

( for SOq{N)) 



The comultiplication <I> : A^ ® A^ ^ counit e : A^ 

K : A^ A^ are very easily given in matrix notation. 



(5) 



CD and the antipode 
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With 



we get 



and 




(7) 
(8) 



with the unity matrix E. 
The antipode is given as 



2.1 Complex conjugation 

The *-operations on A are defined quite differently in the cases geR"*" and \q\ = 1. 
a) qe R+ 

With the unitarity condition {M^j)* = K{M^i), the quantum group SLq{N) 
becomes a SUq{N) quantum group. The same *-structure holds for the orthogonal 
quantum groups SOq{N) . 

b) \q\ = l 

For such q the Rg matrix has the property R* = Rq^ ■ With the reality condition 
(M^j)* = M^j one finds the real representation of the quantum group SLq{N) called 
SLq {N, R) and the orthogonal quantum groups in this case have a metric which is 
indefinite, i.e. for N even we get SOq{n,n) and for N odd SOq{n,n + 1), with 
A'^ = 2n or A'^ = 2n + 1 respectivly. 

The complex conjugation for the inhomogeneous extensions of these function 
algebras have to be treated separatly as well. 

a) In the case qe R"*" we have to enlarge the generating set of the *-Hopf algebra 

by the conjugate coordinate functions Xj. The additional algebra relations are: 



(a) WXi = -XiW (iv) X^Xj = -XaX R",\i. 

' 9 ' ' (10) 

The comultiplication of Xi follows from being an *-homomorphism and the an- 
tipode from the fact that Ko*oKo* = id. 

b) When |g| = 1 the coordinate functions may be chosen to be real {x* = Xi), 
since applying the * to (§(i)) and taking into account that Rg^^i = Rq^^^kh we get: 

M^x' = T^R-^^\^x^M\ (11) 

or 

^k-q'jiMhx' = C'^f^^M'fc. (12) 
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3 Algebraic embedding 

The iZ— matrix of SU ^(2) is decomposed using the g-antisymmetric e-tensor: 

^C^p- = ^/95;;'5^+^'^%a, (13) 



with 



q 

0l/4 



1/4 



For the homogeneous parts the embedding 50^(3) SU ^ is well known [p. 
With the q-deformed Clebsch-Gordan-coefficients d^^^ of the product decomposition 
of the 5C/^(2)0 
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1 / ^ 



-'/lU • 
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and c^j^ = c^'' the matrix elements M*j of 50^(3) are given in terms of SU ^(2) 
elements m^i, by 

This is verified by checking the /2-matrix of the SOq{3) group to be : 



1 



(14) 
/^(2) 

(15) 
(16) 



where f denotes the i?-matrix of the SU ^(2) group and rj = diag(l,i, 1), i being 
the imaginary unit. It just produces a base change to more convenient coordinates. 
Note as well the decomposition of the symmetric projector S^p^ = c^'^Cp^. 

In order to clear out nasty indices we want to make use of a graphical notation, 
which has been given in |10|. With 



and the equality 



(17) 



^ V 




= V ^ 



+ 



(18) 



we can disentangle the matrix: 
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k I 

This is the i?-matrix of SOq{2>) since obviously 



and 




k' r 



Of course the same construction holds for the SOq{2, 1) group. Then rj has to 
be chosen as identity matrix. 

b) Since we know the g-antisymmetrizer we are able to find the SOq{3) covariant 
quantum plane in terms of spinor variables. To obtain sufficiently many degrees of 
freedom we have to take at least two copies of g-spinors x and y having the same 
commutation relations with m. This provides an extended inhomogeneous algebra 
called ISU^%{2). We want to mention that the extended algebra does not have a 
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correct coalgebra structure. This is not important for the algebraic embedding. The 
3-dimensional quantum space has the form: 




We fix the x, y- relations such that the element Si^n x^y'^ commutes with the 
coordinate functions and get 




(23) 

X y y X 
We still have to prove that ^g^fejz'z^ vanishes. This follows from the equation 




^xx yy yy xx 




or 



0, 



(24) 



X y X y 



y X 



y X 



(25) 



Next we observe that 



x x mm 




m m X X 



(26) 



Now wc have to take a look to the * - operation. The behaviour is for q complex 
quite different from q real, since (cj^,^)* = c^^ in the first and (c^,y)* = c^j^ in the 
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second case. From this we see immediately that the algebraic embedding in the case 
of IS0q{2, 1) respects the * - operation, whereas for the IS0q{3) quantum group we 
have to examine the * - structure more closely. At first for the homogeneous part 
we have: 

To use the graphical technique for the translations we have to introduce the "trans- 
posed c-matrix "c"^: 




j k J k j 



To reproduce the correct z — z relations which use diagramms similar to that of 
(p9|) we have to redefine z as z ^ z^ = x^x'^c^j^d)". Now the calculation is similar to 
the one above and we find n = 2/3. This relation finishes the prove of the algebraic 
embedding. 

Remark: 

a) The antipode of the coordinates z just differs by a minus sign, when expressed 
in terms of k{x). 

b) The Coproduct of the coordinates z can't be embedded by obvious reasons. 
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4 Hilbert space representation for IS0q{3) 

The problem to find a representation for IS0g{3) and ISOq{2, 1) is now reduced to 
that of representing ISU^{2) and ISLf{2,R). 

Here we restrict ourselves to the representation of 150^(3). (We want to mention 
that SLq{2,R) does not exist on the Hilbert space level anyhow |12|.) As well we 
confine the value of q to (0, 1). The case g > 1 is however isomorphic. The relations 
of SU^{2) are = ^): 

a7 = fJ.^a, 07* = /U7*a , 77* = 7*7, 

a*a + 7*7 = 1, aa* + /i^7*7 = 1 (30) 

The second coordinate has the following commutation relations: (Remember that 
in our convention the quantum plane coordinates are x^^\r = 1,2.) 

x^'^^a = fi^^ax^'^\ x^^^7 = ^jx^"^^ 

x(2)q,* =^a*x(2), ^(2)7*= /i-i7*x(2) (31) 
Applying the antipode to (|3l|) gives 



a*K(x(2)) =/i-iK(x(2))a*, 7k(x(2))= ^k{x^^))j 
aK(x(2)) = ^K(x(2))a, 7*K(a;(2)) = /x-V(x(2))7*. (32) 

Those relations hold for any SU ^(2)-covariant plane. 

We have other relations for the functions on the quantum planes x^'^^ and y^'^\T = 
1,2: 



3.(2)^(2) ^ ^y(2)2.(2)^ K(x(2))^(y(2)) = ^-^^(y )k(x(2) ) , 

xWk(x(^)) = /i-2^(x(^))x("), xWK(y(^)) = ;U-iK(y(^))xM, 
K(x(2))K(y(2)) = /x\(y2)K(x2), 

a^K(6M) = K(6("))a^, a,6e{x,y}, 

yMK(x('5)) = ^-iK(x(^))y" + (^'2 _ i)^(yW)^M, 

where 5, r e {1, 2}. 

These and the conjugated relations together with the obvious relations for ui contain 
the whole algebraic information of ISU ^(2) since: 

a« = (//7)(-i) (a;K(a(2)) +ao(2)) , a,be{x,y}. (34) 

Remember that 7 is an invertible element. 

The algebra may still be simplyfied by a nonlinear transformation in the functions 
of coordinates. With = = q and f ^ = a; we define: 



Pi 



P2 = V^-f ^?/(2) 



ei 
62 



-^v-/-^k{x^^^] 



-^.(y(2)) 



(35) 
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All algebraic relations with coordinate-functions are given by: 



Pia 
Pia* 

pa 

* 

pa 



Qapi 
Q-^a*pi 

QlPi 
Q-^i*Pi 



@ia 

Qa 

Bij* 



QaQi 
Q-^a*@i 



SiQ* 

Pip* 
Pi^i 
P*iQi 



e*iGi 
Q^PtPi 
Q-^@iPi 
Q-'QiP* 



(36) 



with i = 1,2. 



G1G2 = Q^esGi 

P1P2 = Q^p2Pl 

Pi@2 = Q-^Q2Pi 

@1P2 = iQ^ -Q-^)@2pi + QP2@i 



P1P2 = Q P2P1 
eip*2 = QpI@^ 

Q2P*i = Qp\Q2 



(37) 



It is easy to find a maximal real subalgebra V of commuting elements. In order 
to rely the representation of ISOq{3) to that of SU ^^(2) we choose: 



V := {aa*,^-f*,pipi,eiei,e2eiv}. 



(38) 



These operators are used to label the eigenvectors of the Hilbertspace. They are 
normalised so that the representation is given by: 



Tr{a)\n, m, k, r, s, v 

7r(a*)|n, m, k, r, s, v 
7r(7)|n, m, k, r, s, v 
7r(7*)|n, m, k, r, s, v 
7r(w)|n, m, k, r, s, v 
Tr{v*)\n, m, k, r, s, v 
Tr{pi)\n, m, k, r, s, v 
Tr{pl)\n, m, k, r, s, v 
TT{p2)\n,m,k,r,s,v 
7r{p2)\n, m, k, r, s, v 
7r(6i)|n, m, k, r, s, v 
TT{@l)\n, m, k, r, s, v 
7r(B2)|?T., rn, k, r, s, v 
7r(62)|n, m, k, r, s, v 



= \Jl — Q^"|n — 1, m, k, r, s, v) 



1 - Q4(n+1) |„ + y'^ 

Q'^^\n, m — l,k, r, s, v) 
Q^"+^|n,m + 1, A;,r, s,v) 
|n, m,k — 1, r, s, v) 
\n, m,k + 1, r, s, v) 



Q- 

Q- 
Q' 
Q- 
Q- 
Q- 
Q- 
Q- 



n+m+k)+r+2s-v^^^ m, it, r - 1, S, v) 

n+m+k)+r+l+2s-v^^_ m, k,r + l, S, v) 
n+m+k)+2r+Zs-v^^^ m,k,r -1,S,V - 1) 
n+m+k)+2r+l+3s-v^^^ m,k,r + l,S,V + 1) 

''-'^+''+'~+''^\n,m,k,r,s - l,v) 
''-'^+''+'~+''^\n,m,k,r,s + l,v) 
n-m+k+r-s+v)^^^ m, k, r, S - 1, V - 1) 
n-m+k+r-s+v) \n,m, k,r, s + l,v + 1) (39) 



5 Conclusion 

We have given the algebraic embedding of two g-euclidcan groups in three dimensions 
We have given an irreducible Hilbcrt space representation for the function algebra 
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of ISOq{3). With a reasoning along the hnes of |^] it should be possible to prove 
that IS0q{3) exists on a C*-algebra level. 
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